The notion of maximal fuzzy open sets is introduced. Some basic properties and relationships regarding this notion and other notions of I-topology are given. Moreover, some deep results concerning the known minimal fuzzy open sets concept are given.
Introduction
In this paper, the unit interval 0, 1 will be denoted by I. Let X be a nonempty set. A member of I X is called a fuzzy subset of X 1 . Throughout this paper, for A, B ∈ I X we write A ≤ B if and only if A x ≤ B x for all x ∈ X. By A B, we mean that A ≤ B and B ≤ A, that is, A x B x for all x ∈ X. Also we write A < B if and only if A ≤ B and A / B. If {A j : j ∈ J} is a collection of fuzzy sets in X, then A j x sup{A j x : j ∈ J}, x ∈ X, and A j x inf{A j x : j ∈ J}, x ∈ X. If r ∈ 0, 1 , then r X denotes the fuzzy set given by r X x r for all x ∈ X. The complement A c of a fuzzy set A in X is given by A c x 1 − A x , x ∈ X. If U ⊆ X, then X U denotes the characteristic function of U.
In this paper, we will follow 2 for the definitions of I-topology, the product Itopology, the direct and the inverse images of a fuzzy set under maps and their notations, fuzzy continuity, and fuzzy openness. A fuzzy set p defined by t the value level of p 2 . Two fuzzy points p and q in X are said to be distinct if and only if their supports are distinct, that is, x p / x q . A ∈ I X is called a crisp subset of X if A is a characteristic function of some ordinary subset of X 2 . A ∈ I X is called a fuzzy crisp point in X if it is a characteristic function of singleton 2 .
In this paper, we follow 3 for the definition of "belonging to". Namely, a fuzzy point p in X is said to belong to a fuzzy set A in X notation: p ∈ A if and only if p x p ≤ A x p .
Let X, τ be a topological space and let U be a subset of X. U is called semiopen 4 if U ⊆ Cl Int U and U is called preopen 5 Throughout this paper, for any set X, |X| will denote the cardinality of X. If A is a fuzzy set in X, then the support of A is denoted by S A and defined by S λ λ −1 0, 1 , and the set {x ∈ X : A x 1} will be denoted by 1 A . Proof. Suppose to the contrary that there exist B ∈ I−{1 X } and
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Therefore, for each x ∈ X, A x < 1 B x and hence B 1 X , which is a contradiction.
{A}.
Example 2.5. Let X R and τ be the usual topology on R, then max X, τ
{X U : U ∈ max X, τ } is uncountable. Therefore, the condition "1 A ∅" in Corollary 2.3 cannot be dropped.
Proposition 2.6 see 13 . Let X, τ be a topological space and let
The following example shows that the exact fuzzy version of Proposition 2.6 is not true in general.
Example 2.7. Let X {x 1 , x 2 , x 3 } and let A, B be fuzzy sets in X defined as follows:
The following lemma will be used in the following main result.
Lemma 2.8. Let X, I be an I-topological space and
The following result is a partial fuzzy version of Proposition 2.6. 
Theorem 2.9. Let X, I be an I-topological space. If
1 and hence Cl B x 0. Hence, we complete the proof that Cl B 0 X . Therefore, B 0 X , which is a contradiction.
Recall that a fuzzy subset A of an I-topological space X, I is called fuzzy preopen if
From now on the set PO X, I will denote the set of all fuzzy preopen subsets of the I-topological space X, I . The following example shows that the exact fuzzy version of each of Proposition 2.14 and Corollary 2.15 is invalid in general.
Corollary 2.12. Let X, I be an I-topological space and
Example 2.16. Let X be a non empty set with the I-topology I {0 X , 1 X , 0.3 X }, then max X, I { 0.3 X } and 0.3 X < 0.4 X , but Cl 0.4 X 0.7 X . This shows that the exact fuzzy version of Proposition 2.14 is invalid in general. On the other hand, since 0.7 X is a fuzzy closed subset of X, I and 0 X < 0.7 X < 1 X , we get that the exact fuzzy version of Corollary 2.15 is invalid in general.
The following result is a partial fuzzy version of Corollary 2.15. Proof. Suppose to the contrary that there exists 
Images and Products of Maximal Sets
From now on π x and π y will denote the projections on X and Y , respectively, τ prod will denote the product topology of τ 1 and τ 2 , and I prod will denote the product I-topology of I 1 and I 2 .
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We start by the following result. 
Proof. Suppose that
The following result is the exact fuzzy version of Proposition 3.1. Proof. Let A ∈ max X, I 1 . According to Theorem 3.2, it is sufficient to see that Proof. Since X, I is T c , then X X−{x} ∈ I with X X−{x} x 0 < 1. Thus, for every y ∈ X−{x}, it follows that 1 X X−{x} y ≤ x I y ≤ 1 and hence x I y 1.
Theorem 4.6. Let X, I be a T c I-topological space and x ∈ X, then
Proof. Let B ∈ max X, I . Choose x ∈ X such that B x < 1. If x I x 1, then there exists A ∈ I such that B x < A x < 1 and hence we have B ∨ A ∈ I with B < B ∨ A < 1 X which is impossible. Since B ∨ x I ∈ I and B ∨ x I x < 1, then B ∨ x I B. Thus, x I ≤ B. On the other hand, by the definition of x I and that B x < 1, we have B ≤ x I . Therefore, B x I .
Conversely, let x ∈ X such that x I x < 1 and M ∈ I − {1 X } such that x I ≤ M. By Proposition 4.5, it follows that M y 1 for every y ∈ X − {x}. Since M ∈ I − {1 X }, it follows that M x < 1, and by the definition of x I , we must have M ≤ x I . Therefore, M x I and hence x I ∈ max X, I .
Corollary 4.7. Let X, I be a T c I-topological space, then the following are equivalent:
a max X, I ∅,
Corollary 4.8. For every non empty set X and for the discrete I-topology I disc on X, max X, I disc ∅.
Corollary 4.8 shows that Corollary 4.2 is invalid in I-topological spaces.
Maximal Sets and Homogeneity
We start this section by the following ordinary topological spaces result.
Proposition 5.1. If X, τ is a homogeneous ordinary topological space which contains a maximal open set, then max X, τ covers X.
Proof. Let x ∈ X. Choose M ∈ max X, τ and y ∈ M. Since X, τ is homogeneous, then there exists a homeomorphism h : X, τ −→ X, τ such that h y x. By Proposition 3.1, it follows that h M ∈ max X, τ . Since x h y ∈ h M , the proof is ended.
The following example shows that the condition "homogeneous" in Proposition 5.1 cannot be dropped.
Example 5.2. Let X R and τ {∅, X, Q}, then max X, τ {Q} and so max X, τ does not cover X. Proof. Suppose to the contrary that there exists x 1 , x 2 ∈ X such that A x 1 < A x 2 . Since X, I is fuzzy homogeneous, there exists a fuzzy homeomorphism f :
A ∈ I and A < A ∨ f −1 A < 1 X , which contradicts the fuzzy maximality of A.
The following example shows that the condition "fuzzy homogeneous" in Theorem 5.3 cannot be dropped. Proof. ⇒ Suppose that {B : B ∈ max X, I } 1 X and suppose to the contrary that 1 B ∅ for all B ∈ max X, I . Choose A ∈ max X, I . Then by Corollary 2.3, max X, I
{A}. Applying Theorem 5.3, it follows that A is a constant fuzzy set and hence {B : B ∈ max X, I } A / 1 X , which is a contradiction.
x. By Corollary 3.3, it follows that f A ∈ max X, I . Thus, {B : B ∈ max X, I } x ≥ f A x A x • 1 and hence
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Definition 6.1. Let X, I be an I-topological space. For each x ∈ X, we call the fuzzy set {A ∈ I : x ∈ S A } the lower fuzzy set at x, and we denote it by A x .
The following is an example of a zero lower fuzzy set.
Example 6.2. Let X be any non empty set together with any I-topology I such that {c x : 0 ≤ c ≤ 1} ⊆ I, then for every x ∈ X, A x 0 X .
The following lemma will be used in the next main result. The following is an example of a non zero lower fuzzy set in an I-topological space that is not a minimal fuzzy set.
Example 6.6. Let X R with the I-topology I {X U : U ∈ τ u }, then A 0 ≤ X −1/n,1/n for each n ∈ N and so A 0 ≤ {X −1/n,1/n : n ∈ N} X {0} . On the other hand, A 0 0 inf{A 0 : A ∈ I and 0 ∈ S A } 1. Therefore, A 0 X {0} / ∈ min X, I .
In ordinary topological spaces, we have the following result. Proposition 6.7 see 7 . Let X, τ be a topological space. If U ∈ min X, τ , then every set V ⊆ U is preopen.
The following example shows that the exact fuzzy version of Proposition 6.7 is invalid in general.
Example 6.8. Let X be any nonempty set together with the I-topology I {0 X , 1 X , 0.4 X , 0.7 X }, then 0.4 X ∈ min X, I , 0.2 X ≤ 0.4 X , but int Cl 0.2 X int 0.3 X 0 X , that is, 0.2 X is not a fuzzy preopen set. 
